Abstract. Assuming a weak form of the upper bound in Malle's conjecture, we prove that the Colmez conjecture is true for 100% of CM fields of any fixed degree, when ordered by discriminant. This weak form of the upper bound in Malle's conjecture is known in many cases, which allows us to produce infinitely many density-one families of non-abelian CM fields which satisfy the Colmez conjecture.
Introduction and statement of results
In this paper, we develop a connection between the arithmetic statistical problem of counting number fields of fixed degree and bounded discriminant with prescribed Galois group, and a deep conjecture of Colmez [Col93] which relates the Faltings height of a CM abelian variety to logarithmic derivatives of Artin L-functions at s = 0. Roughly speaking, we introduce the notion of a G-Weyl CM field, and prove that the entirety of the "mass" of CM fields of degree 2d is distributed among the different classes of G-Weyl CM fields. We then use these results to produce infinitely many density-one families of non-abelian CM fields which satisfy the Colmez conjecture.
1.1. The distribution of G-Weyl CM fields. Let d be a positive integer and G be a transitive subgroup of the symmetric group S d . Let E be a CM field of degree 2d with maximal totally real subfield F with Galois group Gal(F c /Q) ∼ = G. It is known that Gal(E c /Q) ≤ C 2 ≀ G, where C 2 ≀ G is the wreath product of C 2 and G (see [KK51] ). Here E c (resp. F c ) denotes the Galois closure of E/Q (resp. F/Q). Definition 1.1. If Gal(E c /Q) = C 2 ≀ G, then we say that E is a G-Weyl CM field. Remark 1.2. We note that if E is a G-Weyl CM field of degree 2d ≥ 4, then E/Q is non-abelian (see Proposition 3.2).
The notion of a Weyl CM-field was introduced by Chai and Oort in [CO12] . In their context, a Weyl CM field is a CM field E of degree 2d with Gal(E c /Q) = C 2 ≀ S d , in other words, what we call an S d -Weyl CM field. It is a classical result that 100% of polynomials of degree d have splitting field with Galois group S d . This analogy does not hold up precisely when counting number fields ordered by discriminant (for example in the D 4 and S 4 cases [CDO02, Bha05] ), but it is still true that some Galois groups are asymptotically much rarer than others (see (1.1)).
Since C 2 ≀ S d is the maximal possible Galois group for a CM field E of degree 2d, one might expect that "most" CM fields of degree 2d are S d -Weyl. Assuming a weak form of the upper bound in Malle's conjecture, we will prove that for each (d, G) such that there exists a totally real G-field of degree d, the G-Weyl CM fields contribute a positive proportion of all of the CM fields of degree 2d (see Theorem 1.10). In particular, when d = 3, 4 or 5, the S d -Weyl CM fields comprise approximately 31%, 20%, and 70% of CM fields of degree 2d, respectively (see Table 1 ); these statistics are largely determined by the distribution of Galois groups among those degree d fields of smallest discriminant.
To study the distribution of G-Weyl CM fields we will closely follow work of Klüners [Klu12] , which established asymptotics for the counting function of number fields with Galois group C 2 ≀ G, without signature conditions. We will adapt Klüners' work to handle the signature conditions needed for our results on CM fields. We also give asymptotic formulas with power-saving error terms which incorporate non-trivial bounds for 2-torsion in class groups of number fields and subconvexity bounds for ray class L-functions of totally real fields, and determine the weakest form of the upper bound in Malle's conjecture needed for our results.
In order to state our results, we first define some of the counting functions that will be used throughout the paper (all number fields are counted up to Q-isomorphism).
• Let N d (X, G) count all number fields K of degree d and discriminant |d K | ≤ X with Gal(K c /Q) ∼ = G.
• Let N cm 2d (X, G) count all CM fields E of degree 2d and discriminant |d E | ≤ X which have a maximal totally real subfield F with Gal(F c /Q) ∼ = G.
• Let N Weyl 2d (X, G) count all CM fields E of degree 2d and discriminant |d E | ≤ X which are G-Weyl.
• Let N cm 2d (X) count all CM fields E of degree 2d and discriminant |d E | ≤ X.
Let ind(G) := min{ind(g) : 1 = g ∈ G} and define the constant 0 < a(G) := ind(G) −1 ≤ 1. Malle conjectured that for any ǫ > 0, there exist positive constants c 1 (G), c 2 (G, ǫ) such that
Malle [Mal04] later refined this and gave a precise conjectural asymptotic formula for N d (X, G) as X → ∞. For our purposes, we only need an upper bound for N d (X, G) with an exponent which is much weaker than what is predicted by (1.1). This exponent will depend on bounds for 2-torsion in class groups.
For a number field K, let Cl(K)[2] be the 2-torsion subgroup of the ideal class group. Let δ d ≥ 0 be a variable such that
for all number fields K of degree d. By the Brauer-Siegel theorem, the bound (1.2) holds with δ d = 1/2. Any bound (1.2) with 0 < δ d < 1/2 is called a non-trivial bound, and δ d = 0 is the conjectured optimal bound. If d = 2, then it is a classical result that (1.2) holds with δ 2 = 0. The first non-trivial bounds in (1.2) for d ≥ 3 were recently proved by Bhargava, Shankar, Taniguchi, Thorne, Tsimerman, and Zhang [BSTTTZ17] . In particular, they proved that if d = 3, 4, then (1.2) holds with δ d = 0.2784, and if d ≥ 5, then (1.2) holds with δ d = 1/2 − 1/2d.
With the variable δ d as in (1.2), we state the following weak form of the upper bound in Malle's conjecture (1.1). 
Our first result gives an asymptotic formula with a power-saving error term for the density of CM fields counted by N cm 2d (X, G) which are G-Weyl. Theorem 1.4. Assume that Hypothesis 1.3 is true for (d, G). Then
where
(1.5)
The Table 2 of Section 4.
Given these known cases of Hypothesis 1.3, we get the following unconditional results.
Corollary 1.5. The asymptotic formula (1.4) holds unconditionally for the following pairs (d, G):
Remark 1.6. The Malle conjecture can be formulated more generally for degree Remark 1.8. Assuming a sufficiently strong value for the exponent δ d appearing in the 2-torsion bound (1.2), the asymptotic formula (1.4) is known for some additional pairs (d, G); see Table 3 .
Our next goal is to give an asymptotic formula with a power-saving error term for the density of CM fields counted by N cm 2d (X) which are G-Weyl. This will involve the subconvexity problem for a certain family of Hecke L-functions for totally real fields.
Let F be a totally real field of degree d. Let c be an integral ideal of F dividing 2, and let c ∞ ⊂ m ∞ be a subset of the set m ∞ of real places of F . Suppose that χ is a primitive character of the ray class group Cl c 2 c∞ (F ) modulo c 2 c ∞ . The L-function of χ is defined by
The completed L-function is defined by (see e.g. [IK04, p. 129]) where q(χ) :
The completed L-function satisfies the functional equation
where the root number ε(χ) is a complex number of modulus 1 which can be written explicitly as a normalized Gauss sum for χ. Given this data, we calculate the analytic conductor of L F (χ, s) as (a slightly weaker version of [IK04, eq. (5.7)])
Let δ ′ ≥ 0 be a variable such that
where a(χ) = 1 if χ is the trivial character and a(χ) = 0 if χ is non-trivial. The bound (1.6) holds when δ ′ = 1/2 (the convexity bound). Any bound (1.6) with 0 < δ ′ < 1/2 is called a subconvexity bound, and δ ′ = 0 is the Lindelöf hypothesis. For more details concerning these facts, see [IK04,  Chapter 5].
Remark 1.9. A subconvexity bound of the form (1.6) is known, for example, if F is either abelian or cubic (see e.g. the summary of results in [ELMV11, Appendix A]). Now, let D cm G (s) be the Dirichlet series which enumerates all fields counted by N cm 2d (X, G) (see (2.3)). In Theorem 2.2, we will prove that if Hypothesis 1.3 is true for (d, G) and 0 ≤ δ ′ ≤ 1/2 satisfies (1.6), then D cm G (s) has a meromorphic continuation to a half-plane Re(s) > α for some α < 1 (depending on δ d , M (G) and δ ′ ) with only a single (simple) pole at s = 1. Moreover, the residue of D cm G (s) at s = 1 is given by the convergent series
Using properties of the Dirichlet series D cm G (s) and an upper bound for the number of CM fields counted by N cm 2d (X) which are not G-Weyl for any transitive subgroup G ≤ S d , we will prove the following asymptotic formulas with power-saving error terms.
Theorem 1.10. Assume that Hypothesis 1.3 is true for every pair (d, G) where G ranges over all transitive subgroups
The following table gives numerical computations for the residue r d (G), and hence for the relative density of G-Weyl CM fields, for each transitive G ≤ S d with d ≤ 5. We computed these by summing the series of (1.7) over the first n fields F ∈ F + G , for n listed in the table. The basic field data was downloaded from the website lmfdb.org [LMFDB] , and the remaining computations, including the L-function computations in (1.7), were handled with PARI/GP [PARI] . The (short) PARI/GP source code with which we put these computations together may be downloaded at the third author's website 2 . From (1.7) we see that the residues are (very) approximately given by
F . Assuming Malle's conjecture (1.1), the series converge relatively rapidly; and indeed it is known that
With some effort, it should be possible to explicitly bound the error in our residue computations below; numerics suggest that these values are likely to be accurate within approximately ±1 in the least significant digit listed.
We observe: each totally real F contributes a positive proportion to its respective residue, with those of smallest discriminant making the largest contribution; also, the residues are decreasing with d -a pattern which should persist, in light of lower bounds on d F which are exponential in d [Odl90] . 
these constants being defined in (1.5), (2.4), (2.11), (2.20), and (2.21) respectively. We conclude that
Moreover, if we assume the conjectured optimal bound in (1.2) and the Lindelöf hypothesis in (1.6) (so that Hypothesis 1.3 is true for the pair (δ 5 , M (G)) = (0, 1) and δ ′ = 0), then
Since Hypothesis 1.3 is known for every pair (d, G) with d ≤ 5 (see Corollary 1.5), we get the following unconditional result. Let F be a totally real number field of degree d. Let E/F be a CM extension of F and Φ ∈ Φ(E) be a CM type for E. Let X Φ be an abelian variety defined over Q with complex multiplication by O E and CM type Φ. We call X Φ a CM abelian variety of type (O E , Φ).
Let K ⊆ Q be a number field over which X Φ has everywhere good reduction, and choose a Néron
The Faltings height does not depend on the choice of K, ω, or X Φ . In particular, the Faltings height depends only on the choice of CM type Φ, and hence is often denoted by h Fal (Φ). Let Q CM be the compositum of all CM fields. Then Q CM /Q is a Galois extension of infinite degree, and the Galois group G CM := Gal(Q CM /Q) is a profinite group with the Krull topology. Let H(G CM , Q) be the Hecke algebra of Schwartz functions on G CM which take values in Q. This is the Q-algebra of locally constant, compactly supported functions f :
Here µ is the left-invariant Haar measure on G CM , normalized so that
The Hecke algebra H(G CM , Q) is an associative algebra with no identity element. For a function
. Define a Hermitian inner product on H(G CM , Q) by
Let H 0 (G CM , Q) be the Q-subalgebra of H(G CM , Q) consisting of class functions, i.e., the subalgebra of functions f ∈ H(G CM , Q) satisfying f (hgh −1 ) = f (g) for all h, g ∈ G CM . It is known that an orthonormal basis for H 0 (G CM , Q) is given by the set
of Artin characters χ π associated to the irreducible representations π of G CM . There is a projection map
As a map of Q-vector spaces, it corresponds to the orthogonal projection of
In particular, one has
Define the functions
where χ Φ is the characteristic function of the set Φ and g| E is the restriction of g to E. Then define the function
Colmez [Col93] made the following conjecture which provides a striking link between Faltings heights of CM abelian varieties and derivatives of L-functions. Conjecture 1.13 (The Colmez conjecture). Let E be a CM field and X Φ be a CM abelian variety of type (O E , Φ). Then
Using an averaged version of the Colmez conjecture proved independently by Yuan-Zhang [YZ15] and Andreatta-Goren-Howard-Madapusi Pera [AGHM15] and the Galois theory of CM fields, we will conclude the following result from the first two authors' previous work [BSM16] . Theorem 1.14. If E is a G-Weyl CM field, then the Colmez conjecture is true for E.
Recall that if E is a G-Weyl CM field, then E is non-abelian (see Remark 1.2). Therefore, the following results give infinitely many density-one families of non-abelian CM fields which satisfy the Colmez conjecture.
First, we have the following result, which is an immediate consequence of Theorems 1.4 and 1.14. We conclude by briefly summarizing some known results on the Colmez conjecture. Colmez [Col93] proved his conjecture for abelian CM fields (up to an error term which was eliminated by Obus [Obu13] ). Yang [Yan10a, Yan10b, Yan13] In this section we prove Theorems 1.4 and 1.10, following closely Klüners's Dirichlet series approach [Klu12] .
Let N cm 2d (X, G) count all CM fields E of degree 2d and discriminant |d E | ≤ X which have a maximal totally real subfield F with Gal(F c /Q) ∼ = G.
Let N
¬ Weyl 2d
(X, G) count the subset of all CM fields counted by N cm 2d (X, G) which are not of G-Weyl type.
We first establish asymptotics for N cm 2d (X, G), and then give upper bounds for N
(X, G).
2.1. Asymptotics for N cm 2d (X, G). We begin by establishing an asymptotic formula with a powersaving error term for N cm 2d (X, G). The key is a theorem of Cohen, Diaz y Diaz, and Olivier [CDO02] which expresses the Dirichlet series enumerating all quadratic extensions of a number field as a linear combination of Hecke L-functions. We will use a version of their result which incorporates signature conditions. Fix a totally real field F of degree d and define the Dirichlet series
where the sum is over all totally imaginary quadratic extensions E/F , D E/F is the relative discriminant, and
The following is a special case of [CDO02, Theorem 3.11], applied to the totally real field F (which has signature (d, 0)) and with m ∞ equal to the set of real places of F (which are all ramified in the imaginary quadratic extension E/F ). 
Theorem 2.1 ([CDO02]). For Re(s) > 1 we have
Moreover, the function
is analytic for σ := Re(s) > 1/2 and satisfies the bound
Proof. Let χ 0,c ∈ Q(Cl c 2 c∞ (F )) be the trivial character and write Therefore, we have S = 2 −d and
By the preceding facts, the function g
is analytic for σ > 1/2. Hence, it remains to establish the bound (2.1).
By (1.6), we have the bound
and we also have the bound 1 ζ F (2s) ≪ 1 (σ − 1/2) d , 1/2 < σ ≤ 1 + ǫ (the implied constant is uniform in F ). These bounds yield the estimate
and thus with f (s) :
Next observe that if the bound (1.6) holds for some 0 ≤ δ ′ ≤ 1/2, then it also holds (with the same δ ′ ) if χ is imprimitive, since the L-functions of an imprimitive and primitive character differ by a finite Euler product, uniformly bounded above and below by O(1) in the strip 1/2 < σ ≤ 1 + ǫ. Therefore, for χ ∈ Q(Cl c 2 c∞ (F )) with χ = χ c,0 , we have
with N F/Q (c 2 ) = O(1) for all allowable c. Also, from (1.2) we have the bound
Then arguing as above we get
Finally, since g F (s) = f (s) + B(s), we have
Now, given a pair (d, G), let
Define the Dirichlet series
where the inner sum is over all totally imaginary quadratic extensions E/F and a(n) := #{(E, F ) : F ∈ F + G , E/F totally imaginary quadratic, |d E | = n}. Clearly, the Dirichlet series D cm G (s) enumerates all CM fields counted by N cm 2d (X, G). Using the relation 
with only a single (simple) pole at s = 1 given by the convergent series
Moreover, for σ := Re(s) ∈ (α, 1 + ǫ] and |t| > 1, the Dirichlet series D cm G (s) satisfies the bound
Using the estimate (2.1), we have
Hence, the absolute convergence of the series g(s) is guaranteed by the convergence of the series
Divide the sum over F into intervals N < d F ≤ 2N and let N range over the integer powers of 2. Then using the estimate (1.3), we see that (2.7) converges whenever the series
converges. The series (2.8) converges whenever the exponent is negative, i.e., whenever σ > α 1 with
for an appropriate choice of ǫ > 0). The condition α 1 < 1 is equivalent to the condition δ d +M (G) < 2. Therefore, we see that g(s) is analytic for σ > α 1 with α 1 < 1, and that g(s) satisfies the bound
Next, using the estimate
Then a similar argument using the estimate (1.3) shows that the series h(s) converges for σ > α 2 with α 2 := M (G)/2. The condition α 2 < 1 is ensured by δ d + M (G) < 2. Therefore, we see that (s − 1) −1 h(s) is meromorphic for σ > α 2 with α 2 < 1 with only a single (simple) pole at s = 1 with residue
and that (s − 1) −1 h(s) satisfies the bound
Finally, from (2.6) we conclude that D cm G (s) has a meromorphic continuation to σ > α := max{α 1 , α 2 } with α < 1 with only a single (simple) pole at s = 1 with residue r d (G). Moreover, from the estimates (2.9) and (2.10) we see that D cm G (s) satisfies the bound
Theorem 2.4. (i) Under the assumptions of Theorem 2.3, we have
where Hypothesis 1.3 is true for every pair (d, G) where G ranges over all transitive subgroups
where 
be the Mellin transform of φ Y . Integrating by parts A ≥ 1 times yields the estimate
(2.12) valid for all s in any fixed vertical strip σ 0 ≤ Re(s) ≤ σ 1 with σ 0 > 0, and also valid for all real numbers A ≥ 1 by interpolation. By construction, and then by Mellin inversion, we have
From the estimate (2.5), we see that
in any vertical strip 1/2 < α + η < σ ≤ 1 + ǫ, |t| > 1, where the implied constant depends on ǫ, d, F , and η. Then using the estimates (2.12) and (2.13), we may shift the contour to Re(s) = α ′ with α < α ′ < 1 to get
For any A ≥ 1 we have the estimate
Then putting things together, and replacing 2ǫ by ǫ, we get
(2.14)
We similarly have
for which the same estimate in (2.14) also holds (since we may interchange X and X − XY −1 in (2.14), within the error terms given there), so that in fact we have
We optimize (apart from epsilon factors) by choosing Y = X 1−α 1+dδ ′ (1−α) and α ′ = α + ǫ, so as to obtain for each ǫ > 0 that
This proves part (i). Part (ii) follows by summing the asymptotic formula in (i) over all transitive subgroups G ≤ S d .
Upper bounds for N ¬ Weyl 2d
(X, G). Let K be a number field of degree d with Gal(K c /Q) ∼ = G and let L be a quadratic extension of K. Then it is known that Gal(L c /Q) ≤ C 2 ≀ G (see [KK51] ). Clearly, we have
Therefore, it suffices to give an upper bound for Y (X, G).
The extensions counted by Y (X, G) are distinguished by the following fact: for each prime p
Let
As in [Klu12, p. 9-10], we have the bound
We briefly recall the proof. Each L counted in (2.15) satisfies
where a is only divisible by primes dividing d K . Since each such prime can only divide a with bounded multiplicity, the problem is reduced to proving (for each positive integer n) that the number of quadratic extensions L/K with
, and this is done by bounding the 2-torsion in the relevant ray class group.
Continuing then, applying the bound (1.2) to (2.16) gives
Again, divide the sum over K into intervals with N < |d K | ≤ 2N and let N range over the integer powers of 2. Then applying the estimate (1.3) gives
+ǫ , (2.17)
The exponent in (2.18) is less than 1 (for an appropriate choice of ǫ > 0) provided that
2.3. Proof of Theorem 1.4. Using Theorem 2.4 and estimates (2.17) and (2.18), we have
This proves Theorem 1.4.
2.4. Proof of Theorem 1.10. As above we have
Also by Theorem 2.4 we have
(2.20) This proves (1.8). To prove (1.9), we sum over all G ≤ S d in (2.19) to get
This proves Theorem 1.10.
Proof of Theorem 1.14
In this section we review some basic facts about wreath products of groups, discuss the structure of Galois groups of CM fields, and prove Theorem 1.14.
3.1. Wreath products. We begin by reviewing some basic facts about wreath products of groups (see e.g. [DM96] ). Let H and K be groups, and suppose that θ : H → Aut(K) is a homomorphism, where we write θ(h) = θ h . This gives a (left) group action of H on K defined by (h, k) → θ h (k). Recall that the semidirect product of K and H with respect to θ is the group
where the group operation is defined by
When understood, we suppress θ in our notation for the semidirect product. Now, let Ω be an arbitrary set, and let K Ω denote the set of all functions f : Ω → K. Pointwise multiplication of functions gives K Ω the structure of a group. A (left) group action of H on Ω gives a homomorphism
The wreath product of K and H with respect to θ is defined by
When the set Ω = {ω 1 , . . . ω n } is finite, it is customary to identify K Ω with the direct product K n via the isomorphism f → (f (ω 1 ), . . . , f (ω n )). In particular, if Ω = {1, . . . , n} and H ≤ S n is a group of permutations, then we have a (left) group action of H on Ω in the usual way, and the corresponding action of H on K n is by permutation of the components, i.e., if σ ∈ H ≤ S n and x = (x 1 , . . . , x n ) ∈ K n , then σ · x := (x σ −1 (1) , . . . , x σ −1 (n) ), and in this case we write K ≀ H instead of K ≀ {1,...,n} H.
Remark 3.1. With this notation, if G ≤ S d is a transitive subgroup, then the wreath product C 2 ≀ G from the introduction is given by
2 and σ ∈ G a permutation of the set {1, . . . , d}, and with multiplication given by (x, σ)(y, τ ) = (x + σ · y, στ ). It now suffices to exhibit two elements which do not commute; for example, choose x = y = (1, 0, . . . , 0), τ = id, and any σ such that σ −1 (1) = d (the existence of which is ensured by the transitivity of G).
Finally, if E is a G-Weyl CM field of degree 2d ≥ 4, then by definition we have Gal(E c /Q) = C 2 ≀G so that E/Q is non-abelian.
We now discuss the structure of Galois groups of CM fields.
3.2. Galois groups of CM fields. Let E be a CM field of degree 2d with maximal totally real subfield F . We denote the Galois closures of E and F by E c and F c , respectively. By Galois Theory, there is a short exact sequence 4. Some known cases of Hypothesis 1.3
In this section, we give a table which lists some known cases of Hypothesis 1.3. We also give a table that lists cases of Hypothesis 1.3 which would follow from a sufficiently strong 2-torsion exponent δ d .
For d ≥ 6, the lists are extracted from the tables in [Du17] ; in particular, as Dummit notes, the labeling of the transitive subgroups is the standard one originally given by Conway The results were obtained by Dummit [Du17] . 
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